Introduction
In a recent paper Jentschura et al [1] discussed the resonances for the anharmonic oscillator H = − They showed analytical expressions for the coefficients of the former and numerical estimates for those of the latter. In particular, the leading coefficients of the strongcoupling expansions are the eigenvalues of H = − 1 2
Some time earlier Bender and Boettcher [2] had discussed the eigenvalues of PTsymmetric oscillators of the form H = − d 2 dx 2 − (ix) N that exhibit a finite number of real positive eigenvalues for 1 < N < 2 and an infinite number when N ≥ 2.
Alvarez [3] discussed the analytical properties of the solutions of the Hamiltonian operator H = 1 2 p 2 + oscillator H = p 2 + ix 3 + λx 2 . The purpose of this paper is the exploration into such relationships as well as into other properties of a class of nonhermitian oscillators.
In section 2 we investigate the relationship among some of the earlier results on one-dimensional nonhermitian oscillators. In section 3 we discuss the application of the complex-rotation [6] and Riccati-Padé [7, 8] methods to those oscillators. Finally, in section 4 we summarize the main results and draw conclusions.
Real and complex eigenvalues
As outlined above, Jentschura et al [1] discussed several properties of the resonances for the anharmonic oscillator
as well as their weak-coupling
and strong-coupling expansions
The coefficients of the former can be obtained exactly by means of perturbation theory and those of the latter in a numerical way. In particular, the leading coefficients of the strong-coupling expansions L n,0 are the eigenvalues of the pure cubic anharmonic oscillator
On the other hand, the closely related PT-symmetric oscillators
exhibit an infinite number of real positive eigenvalues when N ≥ 2 [2] and accurate results for N = 3 and N = 4 are available for comparison [9] .
It is not difficult to obtain a connection between the results outlined above by means of the Symanzik scaling
where U is a well known unitary operator [4] . This transformation was already used by Alvarez in his investigation of the cubic anharmonic oscillator [3] . For example, if we take into account that 2γ 2 U † H l U = H P T when γ = (i/2) 1/5 then we realize that the complex eigenvalues L n,0 of H l calculated by Jentschura et al [1] and the real positive eigenvalues E P T n of H P T for N = 3 calculated by Boettcher and Bender [2] and Bender [9] are related by
Some time ago Fernández et al [5] obtained the perturbation expansion for the PTsymmetric oscillator
in the form
Arguing as before, we can obtain the coefficients of the strong-coupling expansion (3) from those of the perturbation series (9) as follows:
The first coefficients are shown in Table 1 as an illustrative example.
Complex-rotation and Riccati-Padé methods
For concreteness we consider the family of anharmonic oscillators
The complex-rotation method (CRM) consists of the diagonalization of the rotated Hamiltonian operator
where γ = ηe iθ . The parameter η > 0 produces a dilatation or contraction of the scale and θ a rotation of the coordinate in the complex x-plane. On tuning η we improve the rate of convergence of the diagonalization method as the matrix dimension increases and the value of θ enables us to uncover the resonances [6] . For the diagonalization method we choose the basis set of eigenfunctions of the harmonic oscillator
For comparison purposes we also apply the Riccati-Padé method (RPM) for asymmetric potentials [8] . It consists of the expansion of the logarithmic derivative of the eigenfunction ψ(x)
in a Taylor series about the origin
where the coefficients f j depend on the two unknowns E and
From the coefficients of the even and odd powers of the coordinate f e,j = f 2j and f o,j = f 2j−1 , j = 1, 2, . . ., respectively, we construct the Hankel determinants
and obtain both E and f 0 from the roots of the system of nonlinear equations {H Since the rate of convergence of the RPM is considerably greater than the one for the CRM we choose the results of the former as exact or reference eigenvalues. Figure 1 shows log E
as a function of θ for the first resonances of the cubic oscillator (K = 3). Those results suggest that the minimum of the logarithmic deviation appears at θ = π/10 (in all our calculations we have chosen η = e −1 that provides a reasonable rate of convergence). In order to understand this empirical result we resort to the scaling transformation (12) 
, j = 0, 1, . . . , K + 1. For K = 3 and j = 0 we obtain θ = π/10 as suggested by Figure 1 . The obvious conclusion is that the optimal rotation angle converts each of the anharmonic oscillators of this particular class into a PT-symmetric one.
It also follows from equation (12) 
Therefore, instead of just one eigenvalue E n we expect K + 1 replicas located at
The RPM yields all these eigenvalues simultaneously as limits of different sequences of roots of the same sequence of pairs of Hankel determinants. On the other hand, the CRM uncovers them at different values of θ. Figure 2 shows log E
as a function of θ for the lowest resonance of the cubic oscillator. We appreciate that the closest agreement between both methods takes place exactly at the rotation angles θ j = (2j + 1)π/10 derived above. Table 2 shows these results more precisely and Table 3 a similar calculation for the quintic oscillator.
The case j = 0 for the cubic oscillator agrees with the resonance calculated by Jentschura et al [1] . These authors claimed to have chosen the rotation angle θ = π/5
for all their calculations on the cubic oscillator (in particular for the strong-coupling expansion). However, we could not obtain acceptable results for this rotation angle. In fact, our calculations for the cubic oscillator suggest that the multiples of θ = π/5
are the worst choices. Figure 3 shows the real and imaginary parts of the first resonance as functions of θ. We appreciate that the regions of stability appear at for g = 1 in agreement with the first region of stability shown in Figure 3 . The appearance of the optimal rotation angle θ = π/5 in the paper by Jentschura et al [1] is merely due to a misprint [12] . Table 4 shows the first resonances for the cubic and quintic oscillators calculated by means of the RPM. They may be useful as benchmark for testing other approximate methods. For example, the first three of them for K = 3 agree with those of Jentschura et al [1] .
From the results just discussed one may be tempted to conclude that the CMR with θ = 0 should yield the eigenvalues of the PT-symmetric oscillators. This conjecture is supported by the convergence of this method towards the accurate RPM eigenvalues shown in Table 5 . However, such conclusion is wrong. Although the eigenvalues produced by two quite different methods like the RPM and CRM agree accurately for all N = 3, 5, 7 . . . only in the case N = 3 they are those of the PT-symmetric oscillators.
For N = 5, 7, . . . both methods yield the resonances discussed above rotated in the complex plane. In fact, Bender and Boettcher [10] clearly stated that the diagonalization method is useful only for 1 < N < 4 because in the other cases the wedges in which the eigenfunction vanishes as |x| → ∞ do not contain the real x axis. More precisely, since those wedges are not symmetric about the origin the complex rotation outlined above is insufficient to take into account both the left and right PT boundary conditions [2] . Table 6 shows the first eigenvalues for the PT-symmetric oscillators (5) with N = 5
and N = 7 calculated by means of the RPM, CRM (θ = 0, η = 0.4) and WKB method. The first two approaches agree between them but not with the WKB method that provides estimates to the actual eigenvalues of the PT-symmetric oscillators [2] .
Note that the discrepancy increases with the quantum number that makes the WKB increasingly accurate. On the other hand, it is well known that the eigenvalues of the Hamiltonian matrix agree with the WKB ones for the N = 3 case [11] . As an additional confirmation that the eigenvalues of the CRM are not those of the PTsymmetric oscillators compare the results of Table 6 with the accurate upper and lower bounds derived by Yan and Handy [13] . Although the functional form of the operators is the same the boundary conditions are different [2] . For simplicity, from now we will refer to resonance [3] and PT-symmetric boundary conditions [2] . Although the CRM takes into account only the former, it is interesting that it yields real positive eigenvalues for the PT-symmetric oscillators (5) with N = 5, 7, . . .. The reason is discussed below.
In order to understand the results just outlined we inspect the form of the eigenfunctions provided by the CRM for the PT-symmetric oscillators. We calculated the eigenfunctions ψ n (x), n = 0, 1, 2 and their absolute squares are shown in Figure 4 for N = 3, 5, 7. We appreciate that they all look similar and satisfy |ψ n (−x)| 2 = |ψ n (x)| 2 as expected from the fact that ψ n (−x) * = λψ n (x), where |λ| = 1 [9] . More precisely, our numerical calculations suggest that in these particular cases ψ n (−x) * = (−1) n ψ n (x).
Even though the resonance boundary conditions are different from the PT-symmetric ones for N = 5, 7, . . . there appears to be an unbroken symmetry that produces real eigenvalues. Besides, all those eigenfunctions are strongly localized about x = 0 as expected for a resonance. It is interesting that both the RPM and the CRM yield real and positive eigenvalues with localized eigenfunctions for the PT-symmetric oscillators although they are not the true eigenvalues and eigenfunctions of the PT-symmetric oscillators for N > 3.
In addition to the resonances just discussed the RPM also yields the true eigenvalues of the PT-symmetric oscillators for all N = 3, 5, . . .. For example, for N = 5 we estimated E 0 = 1.9082646 from determinants of dimension D = 10, . . . , 20. Note that this eigenvalue is considerably greater than that in Table 6 obtained from the resonance boundary condition. We will discuss this issue again below.
The situation is remarkably different for K = 4, 6, . . .. The PT-symmetric oscillators require asymmetric boundary conditions [2] and, consequently, one should apply the RPM for asymmetric potentials outlined above. However, in the case of resonances the boundary conditions are symmetric (for example, outgoing waves to the right and left) and the oscillator exhibits true even parity. In this case the appropriate logarithmic derivative of the wavefunction is of the form On the other hand, we can apply the CRM exactly in the same way discussed above. In this case the optimal rotation angles are given by γ j = e (2j+1)iπ/(K+2) , Table 7 compares the CRM and RPM results for the first resonance of the quartic oscillator (K = 4). There are K/2 + 1 replicas of every resonance given by
In this case the RPM for asymmetric potentials yields the eigenvalues of the corresponding PT-symmetric oscillator. Table 8 The comparison of the RPM and CRM results enabled us to obtain the optimal rotation angle for the latter approach. We have shown that the effect of the optimal coordinate rotation is to convert the nonhermitian oscillators (11) into either a PTsymmetric or Hermitian one, for K odd or even, respectively. Such results are consistent with Alvarez's analysis of the harmonic oscillator with a cubic perturbation [3] .
We have also shown that both the RPM and CRM yield real positive eigenvalues for the PT-symmetric oscillators (5) On the other hand, the RPM yields both the real positive resonances mentioned above for odd N as well as the actual PT-symmetric eigenvalues obtained by Bender and
Boettcher [2] and Bender [9] . In the case of N = 3, 5, 7, . . . all the eigenvalues are limits of sequences of roots of the same Hankel determinants given by the RPM for nonsymmetric potentials. In the case of even-parity potentials N = 4, 6, . . . the RPM for even parity potentials yields the resonances and the approach for nonsymmetric potentials provides the eigenvalues of the corresponding PT-symmetric oscillators. The main disadvantage of this approach as a practical tool is that it provides results for so many different problems that it is sometimes difficult to pick up the correct sequence of roots of the system of two Hankel determinants necessary for the treatment of nonsymmetric problems. On the other hand, from a mathematical point of view, this property of the RPM is most intriguing and interesting. Table 3 . Idem Table 2 
